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INTRODUCTION 
For an artin algebra A, denote by mod A the category of finitely generated 
left A-modules. For a subcategory V of mod/i closed under direct 
summands and direct sums, denote by modA/V the category whose objects 
are the same as those of mod A, and where the morphisms are given by 
Horn@, B) = Horn,@, B)/V(A, B). H ere V(A, B) is the subgroup of 
Horn,@, B) consisting of the maps factoring through an object in V. For an 
artin algebra r and a subcategory W of mod r closed under direct 
summands and direct sums, we study equivalences a: mod A/V + mod T/W, 
as started in [4]. 
Before we state our main results, we mention some examples of such 
equivalences. When V and W are the subcategories of finitely generated 
projective modules, we have the special case of stable equivalence, studied in 
[ 6 ] and other papers. In [ 191 equivalences are studied where the indecom- 
posable objects of V are the indecomposable X with D Tr’X projective for 
some i > 0 or Tr oi X injective for some j > 0. Here D denotes the ordinary 
duality and Tr the transpose. Yet another example we have in connection 
with the partial Coxeter functors in [ 11. Here A is an algebra with a simple 
projective noninjective module S and S is the only indecomposable object in 
V, r an algebra with a simple injective nonprojective module T and T is the 
only indecomposable object in W. Finally, the most important example to 
have in mind in this paper is the following. Let G be a finite group and k a 
field of characteristic p, where p divides the order of G. Let P be a p-group, 
N,(P) the normalizer of P in G, and H a subgroup of G such that 
P C‘N,#) E HE G. Denote by S the set of subgroups (P n Pg; g E G\H), 
let V denote the subcategory of mod kH whose objects are the relatively S’- 
projective modules, and W the corresponding subcategory of mod kG. Then 
there is an equivalence a: @7/V --+ g/W, where Q is the category of P- 
projective kH-modules and g the category of P-projective kG-modules. If B 
and b are blocks of kG and kH with defect group P corresponding to each 
other under the Brauer correspondence, there is induced an equivalence 
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a: mod b/V’ + mod B/W’, where V’ and W’ are the induced subcategories 
of V and W [ 161. 
Let a: mod /i/V -+ mod I’/W be an equivalence. A general type of problem 
is to describe what r has to look like when A belongs to a given class of 
algebras. This is an impossible problem without imposing any more 
conditions on the equivalence a. In this paper we deal with self-injective 
algebras, and it will be convenient to introduce the following definition. For 
self-injective algebras /i and r we say that a: mod A/V + mod T/W is a 
generalized stable equivalence if (i) V and W contain the finitely generated 
projective modules and no simple modules, and are closed under Q’ (where 
QiC denotes the ith syzygy module for C), (ii) a commutes with D Tr and 
0’. 
We study generalized stable equivalence for algebras of the following 
types. We say that n is of type y, if n has n simple modules S,, S2,..., S,, 
with corresponding projective covers P, , P, ,..., P,, such that (where addition 
is modulo n), sot Pi N Si+ 3 and rPi/soc Pi = Si+ i LJ Si+z. An algebra r is 
said to be of type 6, if it has n = 3t simple modules T, ,..., T,, with 
corresponding projective covers Q, ,..., Q,, such that 
Qjk=(T T T T T 3k 3ktl 3k+2 3k+4 3kf3 ) and 
Q 3k+Z = (T3k+2T3k+4T3k+3T3k+4T3k+d. 
In our notation the modules are uniserial, and the composition factors are 
given in order from left to right. Further 
SOC &+l = T3k+4, rQ3k+l/SOC &+l = Q3k+2/r3Q3k+, u Q3k/“3Q3k~ 
where r denotes the radical. It is easy to see that for each positive integer n 
there are algebras of type yn and 6,, . 
If a: mod A/V + mod T/W is a generalized stable equivalence and /i is of 
type Y,, for n < 3, our main result is that under certain conditions on a, r 
must be of type yn or 6,. 
Some important examples of stable equivalence occur as a special case in 
connection with the Green correspondence as mentioned above, and these 
examples also motivate a further study of stable equivalence. Similarly, our 
study of generalized stable equivalence was motivated by trying to study 
more general equivalences than stable equivalence which include other cases 
of Green correspondence. More specifically, our starting point was [ 13, 
Theorem 41 concerning the structure of the indecomposable projective 
modules for blocks of group algebras with defect group Z, x Z,. Our results 
specialize to giving such a structure. 
Even when putting extra assumptions on our generalized stable 
equivalence, it is much harder to deal with than stable equivalence. We 
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illustrate this difference by giving a proof for an analogous theorem when a 
is a stable quivalence, this time for n < 6. Because stable equvalence is easier 
to study, it is of interest to find conditions for a generalized stable 
equivalence to be a stable equivalence. As a consequence of our main 
theorem we prove a result of this kind when /i is of type y,, for n < 3, which 
specializes to the following. If k is an algebraically closed field of charac- 
teristic 2 and there is a Brauer correspondence between blocks with defect 
group Z, x Z,, then there is actually a stable equivalence between the 
blocks. When the blocks are principal, this also follows from a result of 
Broue (unpublished). 
The organization of the paper is as follows. In Section 1 we deal with the 
relationship of equivalences a: mod /i/V + mod T/W to almost split 
sequences and exact sequences, most of which is recalled from [4, 51. In 
Section 2 we deal with the algebras of type yn and 6,; in particular we recall 
information on the indecomposable modules over algebras of type y, from 
[ 10, 111 and state some easily derived properties needed in this paper. In 
Section 3 we study the set of /i-modules corresponding to simple r-modules 
under a generalized stable equivalence a, and in Section 4 we prove our main 
results. 
We assume that the reader is familiar with the elementary facts about 
almost split sequences and irreducible maps from [2, 31. 
For notation, 1 denotes length, sot /1 the socle of /1 and r the radical of all 
the rings. Our algebras are assumed to have no semisimple ring summands. 
For algebras denoted by /i the simple modules will be denoted by Si and 
their projective covers by Pi. For algebras r the simple modules are denoted 
by ri, their projective covers Qi and injective envelopes Ii. 
1. GENERAL EQUIVALENCES 
Let A and r be artin algebras and V and W full subcategories of mod II 
and mod r, respectively, closed under direct summands and direct sums. In 
this section we recall some results from [4] on the behavior of almost split 
sequences with respect to equivalences a: mod A/V + mod T/W, and recall 
and extend some results from [5] on the behavior of short exact sequences 
under stable equivalence. 
We first introduce some more notation. mod,/i will denote the full 
subcategory of mod/1 whose objects are those having no nonzero direct 
summand in V. The induced correspondence between objects in modvll and 
mod, r will also be denoted by a. For f in Horn,,@, B) the corresponding 
morphism in mad/1/V will be denoted by fv and the corresponding factor 
group by (A, B)/V. In the case of stable equivalence, i.e., when V is the 
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category of projectives, we will often write mod A for mod A/V, mod,, A for 
mod, A, _f forfv and B_ for the objects of mod A. 
PROPOSITION 1.1. (a) Let a: mod A/V --t mod T/W be an equivalence 
and g: B LI V + C a minimal right almost split map in mod A, where C is 
indecomposable, B and C are in mod, A and V is in V. Then there is a 
minimal right almost split map g’: aB LI W-+ aC in mod I with W in W, 
such that a( gv) = g;N. 
(b) Let C be an indecomposable nonprojective A-module and 0 + A -J 
B LI V -4 C -+ 0 an almost split sequence with A, B, C in mod, A and V in v. 
(i) rf a(D Tr C) = D Tr aC, then there is an almost split sequence 
0 -+ aA +f’ aB LI W+’ aC --f 0 in mod I, with W in W and a( gv) = gb. 
(ii) If a is a stable equivalence, B is not zero and A is not 
projective, then a(D Tr C) ND Tr aC. 
Proof: (a) is part of [4, Prop. 1.41, (b)(‘) 1 is an immediate consequence of 
(a), and (b)(ii) is [5, Theorem 3.11. 
PROPOSITION 1.2. Let a: mod A -+ mod I be a stable equivalence and 
0 -+ A +f B II Q 9 C--f 0 an exact sequence in mod A with no split exact 
summands, A, B, C in mod, A and Q projective. If A is indecomposable and 
f is not zero, there is an exact sequence with no split exact summands 
O-+&+f’aBUQ’+g’ aC+ 0 in mod I, where Q’ is projective and 
40 = f’, a(g) = g’. 
Proof: This is [S, Prop. 2.3(a)]. 
This proposition can easily be generalized to the case where V has only a 
finite number of indecomposable objects and contains the projectives. 
PROPOSITION 1.3. Let A, I, V and W be as before and assume in 
addition that V and W have only a finite number of indecomposable objects 
and contain the projectives. Let a: mod A/V -+ mod T/W be an equivalence. 
Let 0 + A +f B LI V’ -+g C + 0 be an exact sequence with no split exact 
summands, A, B, C in mod, A and V’ in V. 
If Hom,(V”, ) preserves exactness of the sequence for all V” in V, A is 
indecomposable and f,, is not zero, then there is an exact sequence 
O-+aA-+f’aBLI W’d’ aC + 0 in mod I, with no split exact summands, 
where W’ is in W, such that or(&) = f& and a( gv) = g&. 
Proof: Let V be a direct sum of one copy of each indecomposable object 
from V, W a direct sum of one copy of each indecomposable object from W. 
Since V and W are generators, we have embedding functors 
F = Hom,( V, ): mod A -+ mod End( V)Op 
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and 
G = Hom,( IV, ): mod r-1 mod End( w>op. 
Denote the images by %F and g. Clearly, a map h: X -+ Y in mod /i factors 
through an object in V if and only if F/z: FX-+ FY factors through a 
projective module in mod End( V)Op. Hence, the equivalence 
a: mod A/V + mod T/W induces an equivalence a’: Q + g, where Q is a 
subcategory of mod End(V)OP and 9 a subcategory of mod End( IV)Op. We 
have Z( V, X) = (IV, X) for X in mod, /i. 
Consider now the exact sequence 0 -+ A -+‘B II V’ +R C + 0. By 
assumption this gives an exact sequence 
O-t(V,A)-+(V,BIJ V~)~(V,C)+O in mod End( I’)“‘, 
which also has no split exact summands. The assumptions from 
Proposition 1.2 on this exact sequence are now satisfied, and for the proof of 
this proposition it is irrelevant hat we here deal with subcategories ‘S? and L@ 
of module categories. Hence, we get an exact sequence 
with no split exact summands and IV’ in W. Since W contains a copy of all 
indecomposable projectives as a summand, this gives an exact sequence with 
no split exact summands 0 -+ aA J’ aB LI W’ 4’ aC + 0, where a(fv) = f\; 
and a( gv) = gw . 
It is possible to get a similar result on the behavior of exact sequences 
under equivalences a also when V and W are not necessarily finite. Even 
though it is not needed for our application to the Green correspondence in
this paper, we include it here since it might be useful in other situations, and 
also it combines with Proposition 1.3 to give a corollary on when a 
commutes with D Tr, which is an assumption occurring frequently in this 
paper. 
Before we state the next proposition, which was suggested by Auslander, 
we recall the following definition from [8]. mod/i is said to be 
contravariantly finite over a subcategory C if given X in mod II there is 
some h: C-t X with C in C such that if s: C’ -+X with C’ in C, then there is 
some t: C’ -+ C with ht = s. It is easy to see that if C has only a finite 
number of indecomposable objects, then mod n is contravariantly finite over 
C [ 8, Theorem 4.11. 
PROPOSITION 1.4. Let 0-A JB LI V4 C -+ 0 be an exact sequence 
with no split exact summands in mod A, where A, B, C are in mod, A and V 
is in V. Assume that V and W contain the projectives and that Hom,(V, ) 
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preserves exactness of the sequence when V is in V. Let a: mod A/V + 
mod T/W be an equivalence. 
(a) If mod I is contravariantly finite over W, there is an exact 
sequence with no split exact summands 0 + D Tr a Tr DA -+f’ aB LI W+#’ 
aC + 0 in mod I, with W in W, such that a( gv) = g;Y-. 
(b) If a is given by a Brauer correspondence between blocks of group 
algebras, there is an exact sequence with no split exact summands 
O+ aA -+f’ aB LI W-+ aC-+ 0 in mod A, with W in W such that 
4sv> =A. 
Proof: (a) Let mod(mod A) denote the category of finitely presented 
contravariant functors from mod/1 to abelian groups, and mod(modA/V) 
the category of finitely presented contravariant functors from mod A/V to 
abelian groups. The indecomposable projective objects in mod(mod A/V) are 
the ( ,C)/V for C indecomposable A-module not in V. Our claim will follow 
from the following observations. 
LEMMA 1.5. Let g: B -+ C be a map in mod A such that Hom,( V, B) -+ 
Hom,( V, C) + 0 is exact for all V in V, and ( , B) + ( , C) - Coker( , g) = 
F+ 0 is a minimal projective presentation in mod(mod A). Then ( , B)/V + 
( , C)/V + F -+ 0 is a minimal projective presentation in mod(mod A/V). 
Proof. We here use that if a map h: X + Y with X and Y in modvll is a 
split epimorphism in mod A/V, it is a split epimorphism in mod A 
[4, Lemma 1.11. 
LEMMA 1.6. Assume that mod A is contravariantly finite over V, and 
assume ( , B)/V + ( , C)/V + F + 0 is a minimal projective presentation in 
mod(mod A/V). Then there is an epimorphism h: B LI V-, C such that 
(,BLIV)+( ,C)-+F-+O is a minimal projective presentation in 
mod(mod A). 
Part (a) now follows by using that ifO+( ,A)-+( ,B)+( ,C)+F+O 
is a minimal projective resolution in mod(modA), then ( , Tr DA) is a 
projective cover for sot F [7, Proposition 2.41. 
(b) Since a block of a group algebra is symmetric, D Tr Y R2 [4, $6 ]. 
Since a Green correspondence is known to commute with an, that is with 0’ 
for all i, we have D Tr aTr DA N A, so it is enough to prove that if P is a p- 
group and .%” = (P n P”; g E G\H}, where H is a subgroup of G containing 
N,(P), then mod kH (or mod kG) is contravariantly finite over the category 
of A-projective kH-modules (or kG-modules). 
Let C be in mod kH and consider D = P n Px for some g E G\H. Then 
the natural map h: kH Ok, C + C has the property that any map B --t C with 
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B a D-projective MI-module factors through h. Since there is only a finite 
number of such groups D, ,..., D,, it is easy to see that the map 
Hi”=, kG okDi C + C has the correct property. 
We recalled in Proposition 1.1 that a(D Tr C) 1: D Tr aC for a stable 
equivalence a if in an almost split sequence 0--t D Tr C --t B + C + 0, B and 
D Tr C are not projective. Combining the last two propositions we get the 
following generalization. 
COROLLARY 1.7. Let a: mod/i/V -+ mod T/W be an equivalence, and 
assume that V and W have only a finite number of indecomposable objects 
and contain the projectives. Let C be indecomposable in mod, A such that in 
the almost split sequence 0 -+ A + B -+ C + 0, A and B are not in V. Then 
a(D Tr C) ND Tr aC. 
2. THE ALGEBRAS OF TYPE y,, 
This section deals mainly with the algebras of type yn, but also with those 
of type 6,. We show that two algebras of type yn over an algebraically 
closed field k must be stably equivalent, and the same for two algebras of 
We 6,. Further, we recall useful information on the structure of the 
indecomposable A-modules when A is of type yn [ 10, 111, and state some 
consequences we need. 
We point out that there exist algebras of type y,, and 6,” for any positive 




Pi+1 ai = ai+ *Pi3 
ai+l ai = 0, 
Pi+*PiEo; 




O=a 3k+4a3kt2=a3ktSa3kt4a3kt3 3kt4'3k+Z a 
=a 3k+4a3kt2a3kt1a3k- -P 3kt4a3k+3 3k+4a3kt2 P 
= P 3ktla3kxa3kt3 3kt4a3k+2a3ktIa3k P 
= a3k+4a3kt2a3kt I 
='3kt4'3kt3 3kt4a3kt2a3ktl, P 
'3k+3 P 3kt4a3kt2a3ktl =a3k+2a3k+l 3k a P 3ktl' 
We have the following sufficient conditions for two algebras to be stably 
equivalent. 
PROPOSITION 2.1. Let A, and A, be selfinjective algebras. Zf A, /sot A, 
and A,/soc A, are isomorphic algebras, then A, and A, are stably 
equivalent. 
Proof. Let A and B be in mod, A,. For each projective A ,-module Q we 
have a natural map rQ -+ Q/sot Q. Clearly f: A -+ B factors through Q if and 
only if f factors through the map rQ + Q/sot Q. Hence, the subgroup 
P(A, B) of Horn,@, B) consisting of the maps which factor through 
projectives can be described within mod n I /sot A,. Hence, our proposition 
follows. 
As a consequence we have the following: 
PROPOSITION 2.2. Let A, and A, be two basic k-algebras over an 
algebraically closed field k. 
(a) If A, and A, are both of type y,,, they are stably equivalent. 
(b) If A, and A2 are both of type 6,) they are stably equivalent. 
Proof. (a) The associated quivers are obviously the same for A, /sot A, 
and A,/soc A,, and since we have algebras over an algebraically closed 
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field, they are both factor algebras of the quiver algebra by an ideal 
contained in the square of the radical (see [ 151). Since the square of the 
radical is zero for both II ,/sot A, and n,/soc rl,, they must then be 
isomorphic. Hence, /i , and At are stably equivalent by Proposition 2.1. 
(b) Let A 1 and A, both be of type a,, and consider the associated 
quiver for /i ,/sot /1 i and A,/SOC /i 2, which is again clearly the same for 
both algebras. Because of the structure of the projectives, certain zero 
relations are necessary for both algebras. If the ideal of relations for one of 
the algebras was strictly larger, it would contradict he given structure of the 
projectives. Again /i 1/soc A, and A */sot /i Z must be isomorphic, and, hence, 
/1 1 and /i, are stably equivalent by Proposition 2.1. 
We now recall some information on the structure of the indecomposable 
/i-modules when II is of type yn. We refer to [lo] or ( 111 for the basic 
properties we need (see also [20]). We say a few words about how to make 
the appropriate translations to deduce information from [lo]. /i/sot/i has, 
apart from the indecomposable projective n-modules, the same indecom- 
posable objects as mod/i. Since the square of its radical is zero, it is stably 
equivalent o an hereditary algebra Z [ 61, which is easily seen to be a tame 
hereditary algebra of type A”?,,-, . The indecomposable modules over such an 
hereditary algebra are divided into three types in [lo]. The properties tated 
in [IO] can be translated back to A/sot/i using the stable equivalence (see 
[6, 181). 
There are three subcategories, P R and H of mod n/sot -4, such that each 
indecomposable /i/sot/i-module is contained in exactly one of them. The 
indecomposable objects of P are the X such that D Tr’X is projective or 
simple for some i > 0 or Tr D’X is injective or simple for some j > 0. If 
n > 1, R’ is an abelian subcategory of mod Z which is a product of two 
subcategories R’ = RI X R;, each having n indecomposable objects, each of 
which has length 2 as a Z-module. R’ is empty for n = 1. This gives 
subcategories R, R, and R, of mod(/i/soc/1), and correspondents of the 
indecomposable objects mentioned above are (S, S,), (S, S&..., (S, S,) for 
R, and (S, S,), (S, S, ,..., (S,S,) for R,. An alternative way of deducing 
information on mod/i for /i of type yn is to use [ 111. The indecomposables 
of the second kind are those of H. 
We collect some of the properties we need about /1 of type yn in a 
sequence of lemmas. 
LEMMA 2.3. P, R and H are closed under l2 and D Tr. 
LEMMA 2.4. Let X be indecomposable in mod A. 
(a) If I(X/rX) > n, then each Si is a composition factor of X/rX. 
(b) If l(soc X) > n, then each Si is a composition factor of sot X. 
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LEMMA 2.5. For X indecomposable in H the following hold. 
(a) DTrX-X. 
(b) l(X/rX) = l(soc X) is a multiple of n. 
(1) If g: rP -+ S is not zero with S simple, any f: X + S factors 
through g. 
LEMMA 2.6. Let n > 1 and X indecomposable in R. 
(a) l(X)<2n-4ifn>2andl(X)<2ifn=2. 
(b) DTr(SiSi+,)=(Si+,Si+,), DTr(SiSi+,)=(Si-,Si+,), 
R1(SiSi+l)= (si+lsi+*), .R1(sisi+2)=(sisi+3). 
(c) DTr”X-X-R”X. 
(d) If 0 -+ Z + Y + X + 0 is almost split, then Y and Z are in R, Y is 
indecomposable if and only if l(X) = 2, and otherwise Y is the direct sum of 
two nonisomorphic indecomposable summands. 
LEMMA 2.1. Let X be indecomposable in P. 
(a) X ‘v QiSj for some i E Z and some j = l,..., n. 
(b) X = Tr Di(Pj/soc Pj) or X = Tr Di(Sj) for some i E Z, some 
j = l,..., n, and l(X/rX) < l(soc X) if and only if i > 0. 
LEMMA 2.8. Let H be indecomposable in H and X indecomposable in P 
or R. 
(a) If f: X + H is not zero and l(X/rX) > l(soc X), then Imf is 
semisimple. 
(b) Zf g: H + X is not zero and l(X/rX) < l(soc X), then Im g is 
semisimple. 
LEMMA 2.9. If H is indecomposable in H and R in R, then 
Horn,@, fi) = 0 = Horn,,@, R). 
LEMMA 2.10. mod A is indecomposable. 
The above lemmas are direct consequences of the theory in [ 10, 11, 201. 
We only make a few comments. 
For Lemma 2.7 we use that all indecomposables of odd length are in P, 
and for each odd number r, it is easy to see that there are exactly 2n 
indecomposables of length r. Then we compute that /(O’S,) = 2 1 i/ + 1, etc. 
For Lemma 2.8 we use that for the hereditary algebra C stably equivalent 
to A/sot A, Hom,(H, Tr DiQ) = 0 for Q indecomposable projective, i > 0 
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and H in the corresponding H’, and that Hom,(H, R) = 0 = Horn,@, H) for 
R in R’, H in H’. 
For Lemma 2.9 we have directly that Hom,,,O,,(R, g) = 0 = 
Horn ,,,SOCA(TJ R), and this can be extended to hold when /i/sot/i is 
replaced by /1. 
3. CORRESPONDENTS OF SIMPLE MODULES 
If we have an equivalence a: mod A/V -+ mod T/W for artin algebras /1 
and r and n belongs to a given class of algebras, it is in general hard to say 
much about r. We here make assumptions on the equivalences we consider, 
and it is convenient o introduce the following definition. For self-injective 
algebras A and r we say that a is a generalized stable equivalence if (i) V 
and W contain the projectives and no simple modules and are closed under 
0 and D Tr and (ii) a commutes with R and D Tr. We study generalized 
stable equivalence when /i is of type y,. 
If a is a stable equivalence between self-injective algebras, we have a 
special case of the above. (i) is obvious, and if /1 has no indecomposable 
projectives of length 2, it follows from [4,5] that a commutes with a and 
D Tr. If n has indecomposable projectives of length 2, a corresponding ring 
summand of Loewy length 2 splits off [5]. It is not hard to see (see [ 171) 
that a then restricts to a stable equivalence between this ring summand and a 
ring summand of r of Loewy length 2. In this case it is easy to see that a 
commutes with n and D Tr. 
In the study of a generalized stable equivalence a: mod /1/V + mod T/W, 
as in the study of stable equivalence, it is useful to find necessary conditions 
on the set S = {a-‘(T,),..., a-‘(T,.)}, where T1,..., T, are the simple r- 
modules. In general, S is an orthogonal set in the sense that End,(a-‘(T,)) is 
a division algebra and (a-‘(T,), a-‘(Tj))/V is zero for i #j. Another useful 
observation is that 0’: mod A/V -+ mod n/V is an equivalence. This is seen 
using that R’: mod/i -+ mod/i is an equivalence and V is closed under S 
and contains the projectives. Also it is easy to see that 
D’: mod n/V -+ mod /1/V is a generalized stable equivalence. 
In this section we find necessary conditions on S when A is of type y,,. In 
particular we show that S can be assumed to contain a simple module. We 
first prove a series of lemmas. 
LEMMA 3.1. Let r be a self-injective algebra with no local Nakayama 
algebra as a summand. Then D Tr T & T for any simple r-module T. 
Proof: Assume that D Tr N T for some simple r-module T. Then we 
have an almost split sequence 0 +T-+E+T-+O in modr. If Q is a 
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projective cover for T, then rQ/r’Q N sot D Tr T = T [2, Proposition 5.31. 
Hence, Q would be uniserial with all composition factors isomorphic to T, so 
that r would have a local Nakayama ring as a summand. 
LEMMA 3.2. Let r be a self-injective algebra, T a simple r-module with 
n’ D Tr T = T and 0 + D Tr T -+ E + T-1 0 an almost split sequence. Then 
either E is indecomposable or the injective envelope I of T has length 4. 
Proof: By our assumptions D Tr T= I/T. Assume that E is decom- 
posable. Since D Tr T/rD Tr T is simple, E/rE has length at most 2, so that 
E = E, II E, with E, and E, indecomposable. Since Ei-+ T is an 
epimorphism, D Tr T -+ Ei must be an epimorphism. Since any factor module 
of D Tr T is indecomposable and the above maps are irreducible, we must 
have Ei ‘v D Tr T/Vi where Ui is simple. Hence, the almost split sequence is 
of the form 0 + D Tr T+ D Tr T/U, II D Tr T/U, + T-r 0, so that 1(Z) = 4. 
LEMMA 3.3. Let r be a selfinjective algebra and T a simple r-module 
with J2*T = T. If Q is a projective cover for T, then rQ/r’Q is simple. 
Proof. Consider the exact sequence 0 + T-+ P + rQ + 0, where P is a 
projective cover for rQ. Since P is also an injective envelope for T, P is 
indecomposable and consequently rQ/r’Q is simple. 
LEMMA 3.4. Let a: mod A/V -+ mod T/V be a generalized stable 
equivalence, where A is of type yj. If S c R and T, is a simple r-module, 
then in an almost split sequence 0 -+ D Tr T, -+ E -+ T, + 0, E is indecom- 
posable. 
ProoJ: Let T, be a simple r-module. We first prove that the projective 
cover Q, of T, is isomorphic to the injective envelope I,. X = a-‘(T,) is by 
assumption in R, hence .R’a-‘(T,) is in R by Lemma 2.3. Since a commutes 
with a and D Tr, it follows by Lemma 2.6 that n’(Z,/T,) E D Tr(l,/T,). 
Since we know from [3, Proposition 4.1 l] that we have an almost split 
sequence 0 -+ rl, + I, II rZ, /sot I, + I, /T, + 0, we have D Tr(Z, /T,) = rl, 
and consequently rQ, N d,. It follows that Q, and I, are isomorphic. 
Let 0 --t D Tr T, + E + T, + 0 be an almost split sequence. If E is decom- 
posable, l(Q,) = 4 by the above and Lemma 3.2. We write rQ,/T, = T, LI T3 
where T, and T, are simple, and some of the Ti may be isomorphic. 
Consider the almost split sequence 0 + rQI + Q, LI T, LI T, + Q, /SOC Q, -+ 0 
in modr [3]. Since ap’(QI/soc Q,) = C’a-‘(T,) is in R by Lemma 2.3, 
we know by Lemma 2.6 that T, & T,. From the exact sequence 0 -+ a2T, = 
Q,/T, -+ Q, LI Q3 + R’T, + 0, we get Z(Q,) $ l(Q& = 6. Since we have 
modules (T, T,) and (T, T,) and neither of these are injective, we must have 
r(Q2) > 3 and l(Q3) > 3, and hence l(Q,) = 3 = l(Q3). In particular, T,, T, 
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and T, are all nonisomorphic. By assumption, a-‘(T,) is also in R, so that 
Q3T, N T, by Lemma 2.6. We have that Q2 = (T2 T, T,) or Q2 = (T, T, T,). 
In any case we get SZ’T, = T,, a contradiction. This shows that E is 
indecomposable. 
LEMMA 3.5. Let a: mod A/V + mod T/W be a generalized stable 
equivalence where A is of type y,, for n < 3 and I has no local Nakayama 
algebra as a summand. If n = 3, assume that I has at least three simple 
modules and every indecomposable nonprojective object in V is in H. Then 
there is an object from S in P. 
Proof. By Lemmas 2.5 and 3.1 there is no object from S in H. If there is 
no object from S in P we must have S c R. Let X be in S and, hence, in R. If 
n < 2, fl *X ‘v X by Lemma 2.6, so that R* T = T for all simple r - modules 
T since a commutes with f2. By Lemma 3.3 all indecomposable projective r- 
modules would be uniserial, and r a Nakayama algebra. Since V does not 
contain any simple modules and is closed under ~2, no object from P is in V. 
Hence, mod,A has an infinite number of indecomposable objects, so that r 
must be of infinite type and consequently not a Nakayama algebra. 
If n = 3, consider the almost split sequence 0-+ D Tr X -+ E + X -+ 0. Since 
every indecomposable summand of E is in R and no object from R is in V, it 
follows from Proposition 1.1 and Lemma 3.4 that E is indecomposable. 
Hence, X has length 2 by Lemma 2.6. Using the orthogonality of S and 
Lemma 2.8 it is then easy to see that R, and R, each can contain at most 
one object from S. Since r is assumed to contain at least three simple 
modules, we get a contradiction. 
We are now ready to prove the main result of this section. 
PROPOSITION 3.6. Let a: mod A/V -+ mod T/W be a generalized stable 
equivalence where A is of type y,, n < 3, and I has no Nakayama algebra as 
a ring summand. Assume that V is in H for each nonprojective indecom- 
posable object V in V and that I has at least n simple modules. 
Up to application of some 52’ and renumbering of the simple modules, we 
have the following necessary conditions on S c mod A. 
(i) Ifn = 1, then S = {S,}. 
(ii) If n = 2 and mod I’ is contravariantly finite over W, then 
s = IS, 7 S,}. 
(iii) rfn = 3, then S = {S,, S,, S,} or S = {S,, (S,S,), (S,S,)}. 
Proof By Lemma 3.5, S must contain an object from P. By composing a 
with some 0’ we can using Lemma 2.7 assume that S contains a simple 
module, say S, . Let X & S, be indecomposable and not in H. Iff: X -+ S, is 
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not zero and Z(X/rX) > f(soc X), then fv is not zero since for any h: X + H 
with H in H, Im h is semisimple by Lemma 2.8. Similarly gv is not zero if 
g: s, +X is not zero and f(X/rX) < Z(soc X). Using the orthogonality of S, 
we conclude that S = {S,} if n = 1. 
If n = 2 we get, using that S has at least two elements, that S = (S, , S,} 
or S = {S,, (S,S,)}. Assume that the second case holds, and consider the 
exact sequence 0 -+ (S,S,) -+ rP, + S, --) 0. By Lemma 2.5, Hom,(V, ) is 
exact for V in V. Since mod r is contravariantly finite over W, we have by 
Proposition 1.4 a nonsplit exact sequence 0 -+ T, -+ rQ, II W-+ T, + 0 with 
W in W and T, and T, the simple r-modules. Clearly, W is zero and 
rQ, = (T, T2), so that Q, is uniserial of the form Q, = (T, T, T,), which is 
impossible. Hence, we must have S = {S,, S,}. 
If n = 3 the orthogonality of S and the above comments give that if X is in 
S, then I(X) < 3. For if I(X) > 5, S, is by Lemma 2.4 a composition factor of 
X/rX if I(X/rX) > Z(soc X) and of sot X if I(X/rX) < I(soc X). And if 
Z(X) = 4, then I(X)/rX) = I( sot X) and S, is a composition factor of X. If 
E(X) = 3, then it is easy to see that X = rPi or X = P,/S,. The only cases not 
excluded by the orthogonality of S are X = rP, and X = PI/S,. If rP, was in 
S, then since a commutes with Sz, R’T, = T, where T, = a(S,) and 
T, = a(rP,) are simple r-modules. Hence, the projective cover Q, of T, 
would have length 2, and a corresponding ring summand of r which is 
Nakayama of Loewy length 2 would split off [S, Lemma 4.3 1. This 
contradicts the assumption on K Similarly we show that P,/S, is not in S. 
Hence f(X) < 2 for X in S and for X & S,, S, is not a composition factor of 
X. Using that S is assumed to have at least three elements, we get that 
S = {S,, S,, S,} or S = IS,, (S,S,), (S,S,)}. 
We end this section by showing that Proposition 3.6 is proved more easily 
for stable equivalence. The assumption that r has at least n simple modules 
can be dropped, and the results are also easily extended to n < 6. Even if we 
are mainly interested in generalized stable equivalence, the study of stable 
equivalence is useful since it may happen that our problem can be reduced to 
this case. 
It is easier to deal with stable equivalence because in addition to the 
condition on S = {amI(T,), a-‘(T,)} that (i) S is orthogonal, we also have 
the following conditions when a: mod/i + mod r is a stable equivalence 
between self-injective algebras; (ii) S is maximal orthogonal; (iii) given X 
indecomposable nonprojective, there is some i such that 
Hom(a-‘(T,), 5) # 0 and some j such that Horn@, a -‘(Tj)) # 0. We say 
that Sznerating set if it has property (iii). If r is indecomposable and 
of infinite type, for example if /i is of type Y,,, by Lemma 2.10, then 
(iv) D Tr X$ X for each X in S by Lemma 3.1. 
Our necessary conditions on S when a is a stable equivalence follow from 
the next result. 
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PROPOSITION 3.1. Let A be of type y, for n < 6. Up to application of R’ 
for some i and renumbering of the simples, the maximal orthogonal 
generating sets S in mod A with D Tr X & X for X in S have exactly n 
objects and are, in addition to {S, ,..., S,}, {S, , (S, S,), (S, S,)} for n = 3 
and IS,, (S, S,), (S, S,), S,, (S, S,), (S, S,> I for n = 6. 
Proof: Assume first that S satisfies (i)--(iv). Since D Tr X & X for X in S, 
S contains no object from H by Lemma 3.1. Assume that all objects from S 
are in R. But since for any R in R and H in H, Horn@, II) = 0 by 
Lemma 2.9, S would then not be a generating set. Hence, S must contain an 
object from P and the proof of this fact is very much shorter than for 
generalized stable equivalence. By applying some Qi we can again by 
Lemma 2.7 assume that S contains a simple /i-module, say S,. Since each 
indecomposable nonprojective n-module has Loewy length at most 2, no 
other object in S can have S, as a composition factor. If n = 1, there are 
clearly no other objects in S. For n > 2 we know by Lemma 2.6 that 
l(X) ,< 2 - 4 for X in S, and l(X) < 2 for n = 2. 
If n = 2 and S, and S, are in S, there are clearly no other modules in S. If 
n = 2 and S, in in S, (S, S,) and (S, S,) cannot be in S. Also (S, S,) is not 
there since { S,(S, S,)} is not a generating set. For Hom((S,S,), 
(S,S,)) = 0 = Hom((S,S,), S,). Hence, we get that S = (S,, S,}. In -- 
particular, S has two elements. 
If n > 2, it is easy to see that if S, is in S, then S = {S, ,..., S,}. If n = 3, 
we know that l(X) < 2n - 4 = 2 for X in S. If not all modules in S are 
simple, we must then have, say, (S,S,) in S. Since S, must occur in the top 
of some module in S and S, itself cannot be in S, (S,S,) must be there. 
Since there are clearly no other modules in S, S has exactly three objects and 
we can assume that S = {S,S,), (S,S,)} or S = {S,, S,, S,]. 
The cases n = 4,5,6 are somewhat more technical. Without specific 
mention in each case, heavy use is made of the structure of the indecom- 
posables in R, including which submodules and factor modules they 
obviously have. Also we use that Hom((SiSj), (S,S,)) # 0 if and only if 
j # t + 3, and that each simple module must occur in the socle and in the top 
of at least one X in S. 
We first make some observations which hold for arbitrary n. We already 
have that S, is in S, and we have seen that we can assume that S, is not in 
S. Since S, is in the socle of some X and S, is not a composition factor, we 
must have (S,S,) E S. Hom((S,S,), ?C) # 0 for so-me X E S, and clearly 
X & (S, S,). Since there can be no other X than (S, S,) with S, in the socle, 
we must have a monomorphism from (S,S,) to X. Since S, is not a 
composition factor of X, we must have (S,S,) E S. We further have 
Horn@, (S,- i S,)) # 0 for some X in S. X is not isomorphic to (S, S,), and 
this is the only object of S with S, in the top. X + (S,_ 1 S,) must then be an 
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epimorphism, and it follows that (S,-,S,) is in S. So far we then have 
(S,Y (S,S,)~ (S,SA @?I-,SJl cs. 
If n = 4, we have a contradiction since Hom((S,S,),(S,S,)) # 0. For ~___ 
n = 5, Hom((S, S,), 3) # 0 for some X in S. Clearly, (S, S,) -+ X must be a 
monomorphi%-&e S, is not a composition factor of X and X & S, . Since 
(S,S,) E S, we then see that X= (S,S,). This is a contradiction since 
(S, S,) is in S. If it = 6, we have Hom((S,S,), X) # 0 for some X in S. Since 
S, is not a composition factor of X and (S,S,) is in S, there is no 
monomorphism from (S,S,) to X. Since (S,S,) is in S and S, is not a 
composition factor of X, we must have Xz S,. Then we get analogously to 
the above that (S,S,) is in S, and we are done showing the necessity of our 
conditions. 
It is conversely easy to see that all the sets satisfy (i)--(iv): (i), (ii) and (iv) 
are immediate. If H is indecomposable in H, every simple occurs as a 
composition factor both in the top and the socle, so we have Horn@, $) # 0 
and Horn@, II) f 0 for every simple A-module S, and the case R in R is 
treated similarly. 
4. STRUCTURE OF PROJECTIVES 
In this section we prove our main results on the structure of indecom- 
posable projectives for an algebra r when there is a generalized stable 
equivalence between r and an algebra A of type y,. In the general case we 
assume n < 3, and for stable equivalence n < 6. We give applications to 
group representation theory. 
We start with the following key result. 
PROPOSITION 4.1. Let A be an artin algebra of type Y,, and 
a: mod A/V -+ mod T/W a generalized stable equivalence, where r is an 
indecomposable self-injective algebra. 
(a) Assume that every indecomposable nonprojective object in W is R- 
periodic, for example, if W is Jinite. 
(i) Lf there are n simple modules T, ,..., T,, with a(S,) = Ti for all i, 
then r is of type yn. 
(ii) If n = 3, mod r is contravariantly finite over W, each indecom- 
posable nonprojective module V in V is in H and there are exactly three 
simple r-modules T,, T2, T, such that a-‘(T,) = S,, a-‘(T2) = (S,S,), 
a-‘(T,) = (S,S,), then r is of type 6,. 
(b) If a is a stable equivalence and there are n = 3t simple T-modules 
T Tn , ,..., such that a-‘(T3,+,) = Sjk+,, a-‘(T3k+2) = (SM+~SW+A 
a-‘(T,,,,) = (S3k+3S3k+5), then r is of type 6,. 
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Proof: (a)(i) Let Qi denote a projective cover for Ti. Since a commutes 
with fi and a(Si) = Ti, we have a(rPi) = rQi. rQi is not a-periodic since rPi 
is not. If W is an indecomposable nonprojective object in W, there is no 
irreducible map rQi-+ W since W is assumed to be a-periodic 
14, Proposition 5.21. Since Qi is projective injective, we have an almost split 
sequence 0 -+ rQi + Qi II rQi/soc Qi + Q,/soc Qi -+ 0 in mod r [3] and an 
almost split sequence O-+rPi-,PiIJSi+,I.ISi+z~Pi/Si+,-+O in mod/i. 
Since a(rP,) = rQi and no summand of rQi/soc Qi is in W, we have by the 
dual of Proposition 1.1 that T,,, LI Tit2 = a(Si+l) LI a(Si+,) = rQi/soc Qi. 
Hence, we get sot Qi = Ti+ 3, and P is of type y,. 
We point out that in the case of stable equivalence we could have looked 
directly at exact sequences of the type 0 + Si + (SiSi) + Sj + 0, but in the 
general case we do not know if Hom,(V, ) for V in V preserves exactness of 
these sequences. Before we prove (a)(ii) and (b) it will be convenient o 
prove the following. 
LEMMA 4.2. Let a: mod A/V+ mod T/W be a generalized stable 
equivalence where A is of type y,, and r is indecomposable self-injective. 
Assume that each nonprojective indecomposable V in V is in H, mod r is 
contravariantly finite over W, every indecomposable nonprojective object in 
W is R-periodic and that there are n = 3t simple r-modules T, ,..., T,, such 
that a-‘(T3,+,) = S3k+19 a-‘(T3,+J = (S3k+ZS3k+3)r a-‘(T3k+3) = 
(S s )* 3k+3 3k+S 
Denoting by Qi a projective cover for Ti and Ii an injective envelope, then 
Z 3k+S has a submodule of type (T,,,, T3k+5), 13k+3 a submodule of type 
and “Q3k+,/SOCQ3k+~ “13k+3 /(T3k+4T3k+3)LIz3k+5/ 
Proof To make the proof easier to follow, we give it for n = 3, the 
general case being analogous. rl is then of type y3 and a-‘(T,) = S,, 
a-‘(T,) = (S,S,), a-‘(T,) = (S,S,). 
Consider the exact sequences O+(S,S,)+rP,-+S,+O and 
0 -+ (S, S,) -+ rP, + S, + 0. If V is indecomposable nonprojective in V, V is 
in H by assumption, so that Hom,(V, ) preserves exactness of these 
sequences by Lemma 2.5. Since mod r is contravariantly finite over W, we 
get by Proposition 1.4 nonsplit exact sequences 0 -+ T, -+ a(rP,) II W -+ T, 
and O+ T, + a(rP,) II W’+ T, -+ 0 in modr, with W and W’ in W. An 
easy length argument shows that W = 0 = W’ and, hence, a(rP2) = (T, T,), 
a(rP,) = (T, TJ. Since a commutes with a, we have a@,) =I,/(T, T,), 
a(S,) =12/(T, T2), a(P1/S,) =Z,/T,, a(rP,) = rQ,. Since P, and Q, are 
projective injective, we have almost split sequences 0+ rP, + P, Ll S, Ll S, + 
P,/S,+O in modA and O+rQ,-+rQi/socQ,IIQ,-Q,/so~Q,-+o in 
modr [3]. By Proposition 1.1 we get rQ,/soc Q, = 13/(T1 T3) Ll 
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Z,/(T, T2) LI W, where W is zero or an object in W with no nonzero 
projective summands. Since every indecomposable nonprojective module in 
W is periodic and rQ, is not periodic, W is zero, and we are done. 
We now continue the proof of Proposition 4.1. 
(a)(ii) We first show that rQz/r2Q2 = T, = rQ,/r’Q, and sot Z,/T, = 
T, = sot Z,/T,. Since a-‘(T,) = (S,S,) is in R and a commutes with G?, we 
have, using that n = 3, that Ll”T, N T, and similarly LI’T, N T,, by 
Lemma 2.6. Since by Lemma 4.2, I, has a submodule of type (T, T,), we 
have a monomorphism T, + Z,/T, . Hence, we have an exact sequence 
O+Z2/T2+ZI Ll Q -+ rQz -+ 0 with Q projective, and similarly an exact 
sequence 0 + Z,/T, + I, LI Q’ + rQz + 0 with Q’ projective. Hence, we get 
I(Z,) = Z(Q2) + Z(Z,) - 2 = Z(Q3) + Z(Z,) - 2 - Z(Q’). By Lemma 4.2, Z(Q,) = 
Z(Z,) + Z(Z,) - 2, so that Z, ‘v Q, since Z(Z,) > 2 and Z(Z,) > 2. Hence, 
Z(Q) = 0 = Z(Q’). We conclude that rQ2/r2Q2 = T, = rQ,/r2Q3 and 
socZ,/T,=T,=socZ,~T,. 
We next show that I, and I, and, hence, Q, and Q,, have length 5. Dually 
to rQ,/r’Q, = T2 LI T,, we have sot Ql/TI = T, LI T, = sot Z3/(Tl T3) LI 
sot Z,/(T, T,) by Lemma 4.2. Consider the exact sequences 0 + Z3/(T1 T,) -+ 
Q+~-‘(TlT3)~0 and O-+Z,/(T,T,)+Q’-np2(T,T2)-t0, where 
Q LI Q’ 2: I, II I,. Since a commutes with 0, a(P,/S,) = R-*(T, T,). Since 
a also commutes with D Tr and 0 -+ rP, + S, II S, II P, -+ P,/S, + 0 is 
almost split with the middle term not in V, we have by Proposition 1.1 an 
almost split sequence 0 -+ (T, T,) + T, LI I, /(T, T,) LI W -+ R - *(T, T,) + 0, 
with W in W. Since P, / S, is not R - periodic, (T, T3) is not, hence, W has 
no nonprojective indecomposable summand since such a summand would 
not be a-periodic [5], contrary to our assumptions. If W was nonzero 
projective, W = Qi for i = 2 or i = 3, and rQ, = (T, T3). Since 
a(rP,) = (T, T,), we would then get a(S,) = Ti, a contradiction. Hence, W is 
zero, and we have Z(fl-*(T, T,)) = Z(Q) - Z(Z,) + 2 = 1 + Z(Z,) - 2 - 2, 
hence, Z(Q) = Z(Z,) + Z(Z,) - 5. Similarly, we get Z(Q’) = Z(Z,) + (Z(Z,) - 5. If 
Q 1 I,, we get Z(Z,) = 5, and since then Q’ = I,, we get Z(Z2) = 5. The case 
Q N I, is treated similarly. 
From the above it follows that Q2 and Q, are uniserial. It is only left to 
show that I, = Q,, I, = Q3 and that T3 is a composition factor of Q,, T, of 
Q3. Consider the exact sequence 0 + Z,/T, -+ Q, -+ rQ, -+ 0. Assume that 
Z2 = Q, , so that Z3 = Q,, and let 1 + s be the number of times T, occurs as a 
composition factor of I,, 1 + t as a composition factor of I,. Then T3 occurs 
1 + s times in I, /T, , 1 + t times in rQ2 = rl, and 1 + s + t times in Q, . This 
contradicts the exactness of the above sequence, so we conclude that 
I, = Q2, I, = Q3. Since T, is a composition factor of Q, , T3 must be a 
composition factor of Q, and similarly T, a composition factor of Q3 so that 
we have Q, = (T, T, T, T, T2) and Q3 = (T, T, T2 T, T3). 
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From rQ, /7’, = Qz/(T, r,) II Q3/( T, T,), our desired structures of Q, 
follows. This finishes the proof of (a)(ii). 
We now go on to prove (b). To make the proof easier to follow 
notationwise, we again give the proof for II = 3, the general proof being the 
same. Here we point out that for n = 3 alone (b) follows from (a)(ii), but in 
this proof special properties for n = 3 were used. 
Consider the natural epimorphism g: P, Ll (S, S,) + rP,. Ker g 2: rP, since 
S, must be its socle, and the other composition factors are S, and S,. 
Hence, we have an exact sequence 0 -+ rP3 + P, II (S, S,) + rP, -+ 0, which 
by Proposition 1.1 gives an exact sequence 0 + (T, r,) + rQz II Q -+ 
(T, r,) + 0 with Q projective. Here we use that we have already seen that 
a(rP,) = (T, TJ, a(rP2) = (T, r,) and a(S, S,) = .R’(Sz 8,) = rQz. Since r is 
indecomposable of infinite type by Lemma 2.10, l(Q) > 3 if Q is not zero 
151. An easy length argument shows that Q = 0, so that we have an exact 
sequence 0 + (T, r,) -frQz 9 (T, r,) + 0. Since T, + rQ,/r2Q2 -+ T, + 0 is 
then exact, only T, is a composition factor of rQ2/r2Q2. Hence, there is no 
module of the form (T,T,) and similarly no module of the form (T, T,). 
g-‘(T3) c rQz is indecomposable with simple socle T, and in addition T, 
and T, as composition factors. Since there is no module of the form (T, T,), 
g-‘(T,) must be uniserial of form (T, T, T,) and, hence, rQ2/r2Q2 = T,. 
Hence, rQz, and similarly rQ,, is uniserial of the desired type. This finishes 
the proof of (b). 
It would be interesting to know if (b) can be generalized, for example, with 
assumptions corresponding to those in (a)(ii). The main problem is to have 
Hom,( I’, ) preserve exact sequences, for V in V. Combining Proposition 4.1 
with our results from Section 3 we get our main results. 
THEOREM 4.3. Let a: mod A/V + mod T/W be a generalized stable 
equivalence, where A is of type yn and r is indecomposable self-injective. 
Assume that each nonprojective indecomposable object in V is in H, each 
nonprojective indecomposable object in W is Q-periodic and mod I- is 
contravariantly finite over W. If r has at least n simple modules, then r is of 
type Y, or 6,. 
THEOREM 4.4. Let A be of type y,, and r an algebra with no semisimple 
summand stably equivalent to A. If n < 6, then r is of type y, or 6,. 
It would be interesting to know if these theorems can be generalized to 
hold for all n, and if the assumption on the number of simples can be 
dropped in Theorem 4.3. 
As a consequence of Theorem 4.3 we get [ 13, Theorem 41 on the structure 
of indecomposable projectives in blocks with the Klein 4-group as a defect 
group. 
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COROLLARV 4.5. Let k be an algebraically closed field of characteristic 
2 and G a finite group whose order is divisible by 2. If B is a block of kG 
with defect group Z, x Z,, then B is of type y, , y3 or 6,. 
Proof. We shall list the results from group representation theory needed 
to deduce the corollary as a special case of Theorem 4.3. 
There is a Brauer correspondence bebetween B and a block b of. 
N,(Z, X Z,), the nomalizer of Z, x Z, in G. Such a Brauer correspondence 
is known to induce an equivalence, a: mod b/V + mod B/W, where in 
general V and W are closed under R and a commutes with R [ 161. We 
further use that a block b of N,(Z, X Z,) with defect group Z, x Z, is 
known to be of type y, or y3 (see [ 131) and that B and b have the same 
number of simple modules 191. Further we use that if X is nonprojective and 
in V, then X E H (see [ 131) and that W has only a finite number of indecom- 
posable modules neither of which is simple. 
Examples in group representation theory show that over an algebraically 
closed field of characteristic 2 there are actually algebras of type 6, which 
are stably equivalent to algebras of type y3. For there is a Brauer correspon- 
dence between the principal block B of kA 5 and b = kA,, having defect 
groups Z, x Z,, where A, denotes the alternating group of order it, B is of 
We 4, and b of type y3, and it follows from [ 161 that we have a stable 
equivalence (see [ 121). Using this example and work from a forthcoming 
paper jointly with C. Riedtmann on skew group algebras, it is possible to 
show that there are algebras of type a,, stably equivalent to algebras of type 
y3, for any t. 
Even if we are interested only in more general cases of generalized stable 
equivalences, it may be of interest to exploit the stable equivalences. For 
using the above example we have the following consequence of our results. 
The advantage of this type of results is that, as we have seen in this paper, 
for example, it is much easier to deal with stable equivalence. 
COROLLARY 4.6. Let A be an algebra of type y,, n < 3, over an 
algebraically closed jIeld of characteristic 2. 
(a) Assume that a: mod A/V -+ mod T/W is a generalized stable 
equivalence where P is indecomposable self-injective and has at least n simple 
modules, each indecomposable nonprojective object in V is in H, mod r is 
contravariantly finite over W, and every indecomposable nonprojective object 
in W is Q-periodic. Then A and r are stably equivalent. 
(b) Let G be a finite group whose order is divisible by 2 and B a block 
of kG with defect group Z, x Z,, b a block of kN,(Z, x Z,) given by the 
Brauer correspondence. Then B and b are stably equivalent. 
Proof (a) For n < 2 we are done, using that by Proposition 2.1 all 
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algebras of type y, over an algebraically closed field are stably equivalent. 
Since by Proposition 2.2 also all algebras of type 6, are stably equivalent, 
and by the above remarks there is an algebra of type 6, stably equivalent 
with an algebra of type y3, also the case n = 3 is a direct consequence of 
Theorem 4.3. 
(b) is a direct consequence of (a), in view of the results from group 
representation theory recalled above. 
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